In this note the D9-and anti-D9-brane annihilation in the type I string theory is probed by the D1-brane. We consider covariant Green-Schwarz formulation of the probe theory. For it to be non-anomalous it is necessary to consider the number of the D9-branes to be by 32 bigger than that of anti-D9-branes. Also for the anomaly cancellation it is necessary to insist on the κ-invariance of the D1-brane action. As the result the tachyon field should obey some constraints. Solutions to the latter define tachyon values which correspond to the type I D5-branes as remnants of the annihilation. By product we get a theory which lies in the same universality class as the non-linear σ-model for the Atiyah-Drinfeld-Hitchin-Manin (ADHM) construction.
Introduction
During the last years there has been developed a powerful apparatus to work with BPS excitations in superstring theory (see [1, 2] for some reviews). Despite this progress we still have a poor understanding of the dynamics when SUSY is not respected. In fact, even in the simplest situation of the D-anti-D-brane (D −D) systems we know only details of their topological content rather than the dynamics of the process of their annihilation [3, 4, 5] .
For example, it is argued that the annihilation process of the D −D-system is related to the tachyon rolling down the bottom of its energy functional [3] . (Tachyon here is the lowest energy excitation of the string stretched between D-andD-branes [3] .) Besides that, knowing which charges are excited, one could trace what kind of branes should be remnants of the annihilation [3, 4, 5] . But it is not clear how to find at which point of their moduli space they will seat after the annihilation is happened. Not to say about that it is not known explicitly how the tachyon rolls down the bottom of its potential during the annihilation process. The main obstacle on this way is the luck of the knowledge of the tachyon potential [6] .
Rather than looking for the tachyon potential, in this note we would like to implement another approach. We know that in many occasions D-branes supply a good microscopic description of various low energy physics phenomena. In particular, the closest example to the situation we are going to study is the D-brane description of the instantons in the SUSY Yang-Mills (SYM) theories [7] . In the paper [7] the gauge connection corresponding to the YM instanton was recovered from a microscopic theory: The one which is for the D1-brane probing the D5-brane in the type I string theory. What is most important for us is that the probe theory in [7] could be simply fixed by imposing conditions of its (4,0) SUSY invariance [8] .
Inspired by these considerations, in this note we would like to probe the D9-D9-brane annihilation by the D1-brane in the type I string theory. Rather than dealing with lightcone action for the D1-brane we consider covariant Green-Schwarz (GS) formulation of the latter [9] . For it to be non-anomalous it is necessary to consider the number of the D9-branes by 32 bigger than that ofD9-branes [10, 11, 12] . Besides that one has to impose conditions of the κ-invariance [13, 14] : Otherwise there would be a wrong number of chiral fermions in the theory. Now the process of annihilation is viewed on the D1-brane as a renorm-group (RG) flow [15] . The theory on the probe brane we study is already a low energy intermediate step in the RG flow. It is an approximation to a yet unknown microscopic theory which contains both D-andD-branes. Thus, we do not expect to recover from our probe theory explicit tachyon rolling down the bottom of its potential. However, we could expect to extract from it some information about the tachyon classical solutions which respect SUSY, i.e. its values after the annihilation.
In particular one could hope that there is some symmetry which restricts possible background values of the tachyon. In fact, before annihilation there is some non-SUSY theory describing D1-brane in the presence of both D9-andD9-branes. Via RG flow it evolves to a superconformal theory with a proper background value of the tachyon substituted. We believe that there should be some hidden symmetry which forces the theory to flow in such a rigid way.
It is this point where κ-invariance comes to the game. In fact, as is well established [13, 14] this symmetry is related to a hidden SUSY on the world-sheet: one could formulate the D1-brane theory with an explicit SUSY both on the world-sheet and in the target space. Then κ-symmetry appears from the world-sheet SUSY after the integration over auxiliary fields [13] .
In the case in question the SUSY on the world-sheet should be realized non-linearly. In fact, if one would forget about peculiarities of the type I string theory, such as orientifolding, then arguments go as follows. In the presence of a background D-brane some SUSY transformations on the world-volume of a probe are realized linearly, while the oth-ers -non-linearly. At the same time for aD-brane the situation is inverse: those SUSY transformations which were realized linearly for the D-brane, now are non-linear and vise versa. Hence, in the presence of the D −D-system whole SUSY is non-linearly realized. We think that the presence of the κ-symmetry in our case (in non-SUSY theory in the target space) is related to this fact. However, for some situations, considered below, in the IR we expect a linear realizations of a part of the SUSY transformations.
Thus, that is the reason we are looking for a backgrounds for the D1-brane, which respect κ-invariance. Now the condition of the invariance to hold imposes constraints on the possible values of the tachyon. We find some equations which state that it is covariantly constant field on a light-like surface in the target space. They should be supplemented by integrability conditions. So that, if there is a gauge field background turned on the D9-andD9-branes, the tachyon becomes a non-trivial field. Otherwise it is just a constant.
Let us explain why we have got a linear rather than quadratic equations for the tachyon field. In fact, κ-invariance for the superstring in a background of SUGRA and SYM fields puts the latter on mass-shell: We get second order classical equations of motion for the fields [25, 13] . Hence, appearance of the first order differential equation for the tachyon field might seem suspicious. However, as we already mentioned the κ-invariance is related to SUSY on the world-sheet. At the same time even just the presence of the tachyon field explicitly violates SUSY in the theory. Thus, we expect the SUSY to be recovered only for some specific tachyon values. That is the reason we get BPS like linear equations for the tachyon field.
In the case when we take the tachyon and background gauge field to be functions of only four coordinates rather than ten, the integrability conditions are just the self-duality equations for the gauge field. At large distances their instanton solutions are represented as pure gauges. The gauge matrices in the latter are equal to non-trivial maps (of the degree equal to the instanton charge) from the S 3 at space infinity to the group of ChanPaton (CP) indexes. Concretely, we take the target of the map in question to lie in the diagonal USp(4k) subgroup of the USp(4k) × USp(4k) group. This choice could be clarified as follows. First, it should be stressed that we are considering a minimal construction of D5-branes out of D9-D9-system directly related to that of ADHM for instantons [16] . In principle one could study another situations which will lead to non-minimal generalizations of the ADHM constructions. For "minimality" we consider a background gauge field respecting only the USp(4k) × USp(4k) × SO(32) subgroup of the biggest possible group with equivalent amount of the CP indexes. Second, we consider the symplectic groups as factors because we are looking for a minimal construction which leads to k type I D5-branes. As is established [11, 17] each of the latter should have two CP indexes, taking values in USp(2) ∼ = SU(2). Hence, k type I D5-branes correspond to USp(2k) group. Third, we consider 4k rather than just 2k indexes, because we embed two of the CP indexes of both D9-andD9-branes into the tangent bundle of the target space (see [18] for such a construction). Now for the tachyon to be covariantly constant in the background in question it should contain the aforementioned map. Hence, the tachyon field is a rectangular matrix
) of which is the map in question. This is exactly the tachyon value we expect to get for the k type I D5-branes to appear as the remnant of the D9-brane annihilation [4, 5] .
In conclusion, before the annihilation we have the type I D9 −D9-system with some excited Ramond-Ramond (RR) fields corresponding to k D5-branes. This is encoded in some gauge field on the D9-D9-system [4, 19] . Now the tachyon acquires, after the annihilation, the value which should be covariantly constant on a light-like surface in the background of this gauge field. In our case, such a tachyon value is proportional to the ADHM matrix [16] . That which corresponds to the ADHM construction of the instanton in the SO(32) group. Similarly to [8, 7] , this matrix serves as a mass term for the fermionic fields on the probe D1-brane. This way we get the probe theory which on the level of massless modes coincides with that of the non-linear σ-model for the ADHM construction [8] : It flows in the IR to the same superconformal theory. Which describes D5-brane background in the type I string theory as an instanton field of the SO(32) group [20] . This time it is the latter field which encodes the information about the RR charges. The former gauge field from the diagonal subgroup of USp(4k) × USp(4k), being the pure gauge at low energies (due to the non-zero tachyon vacuum expectation value (VEV)), decouples during the RG flow.
We hope that our considerations give a convincing evidence of that we have found the proper values of the tachyon field which minimize its energy functional. Hence, without knowing the tachyon potential we could fix its possible values after the annihilation. This is our main result.
Twistor formulation of the probe theory and κ-invariance
We consider the phase of the type I string theory containing 32 + 4k D9-branes and 4k D9-branes. Their world-volumes fill the whole ten-dimensional space-time. We are going to probe the annihilation of these D9-branes by the D1-brane.
In the GS formalism the low energy theory on the probe contains the following fields. First, there are low-energy modes of the strings attached by both their ends to the D1-brane. They are ten bosons x M , (M = 0, .., 9) and ten-dimensional Majorana-Weyl fermions ψ A , (A = 1, ..., 16) [9, 23] . Second, there are low-energy modes of the strings stretched between the D1-and D9-branes. They are two-dimensional Majorana-Weyl fermions λ [23] . Third, there are also those of the strings stretched between the D1-andD9-branes. Correspondingly they are two-dimensional Majorana-Weyl fermions χ of opposite to λ chirality [3, 4] . If there were not for the presence of χ the D1-brane theory would have the same quantum numbers as the heterotic SO(32) string, which is in accordance with the type I/heterotic duality [23] .
Twistor-like formulation of the theory we are going to work with looks as follows [13, 14] :
Here P a M and ϕ − are auxiliary fields, exact definition of which is not relevant for our further discussion and could be found in [13] . These auxiliary fields should obey the Cartan-Penrose [13] condition:
Now it is easy to see how after the integration over P M one recovers the standard GS formulation of the heterotic string [13] . Also in this formulae e a , a = 1, 2 is the zweibein; p = 1, ..., 32+4k andp = 1, ...,
are ten-dimensional γ-matrices in the Majorana-Weyl representation; T is the tachyon field which is the lowest energy excitation of the string stretched between the D9-andD9-branes [3] . It appears in (1) as an external field and transforms in the bi-fundamental representation under the USp(4k) × SO(32) and USp(4k) groups. We choose the gauge fields A pq M and Bpq M on the D9-andD9-branes (with the field strengths F pq M L and Hpq M L , correspondingly) respecting only this subgroup of the biggest possible group with such an amount of CP indexes. The gauge fields in question couple to the λ and χ in the same way as that to the heterotic string [23] . All other fields on the D9-andD9-branes are set to zero.
Hence, the theory we are starting with is non-SUSY two-dimensional σ-model. It evolves via the RG flow [15] to a superconformal theory in the IR if a proper background value for the T is standing in (1). In fact, some of the D9-andD9-branes should annihilate leaving us only with the D1-brane in the pure type I string theory (32 D9-branes) and, possibly, with some BPS excitations in it. This theory on the D1-brane has quantum numbers of the heterotic string [23] and is superconformal. Thus, one can be sure that if for some value of T the theory in question eventually evolved to a superconformal limit, that value really corresponds to a minimum of the tachyon energy functional.
As we explained in the introduction, the κ-invariance might help in looking for the tachyon classical solutions respecting SUSY. Let us, hence, impose conditions of the invariance of the action (1) under the κ-transformations. In the conformal gauge they look as follows [22, 14, 13] :
where Λ κ = δx M A M if only background gauge field is non-zero. Also, by analogy with the transformations of λ we could choose the natural transformation law [22] for the χ to be:
and Λ
At the same time the tachyon field transforms under the κ-symmetry simply as follows:
It is necessary to supplement these transformations by the Virasoro and SYM constraints [25, 13] . In our case the latter are equivalent to the classical YM equations of motion. Moreover, for (1) to be invariant under (2) the tachyon field T should obey the following equation:
where δx
for any κ. Hence, this should be supplemented by the integrability conditions:
Now pay attention that the vectorP · κ · ψ has zero norm:
· δ CD κ C++ κ D++ = 0 due to the anti-commutativity of κ. Hence,P · κ · ψ is a constant (independent of x M ) light-like vector in the ten-dimensional Minkowski space. Moreover, under variations of the parameter κ with fixed P and ψ it sweeps an eight-dimensional plane in the ten-dimensional space-time. In fact, as is well known, the matrixP ·κ has eight rather than sixteen non-zero eigen-values [18] . Hence, it defines eight real deformations of κ. Thus, there are eight varying components of the ten-vector in question, while the other two are fixed. This is the eight-dimensional plane.
Simplest solutions to the constraints
Let us discuss the meaning of the equations (5) and (6) . First of all it is worth mentioning that in principle the equation (6) could have non-trivial solutions only if the gauge field A M is a function of 2N coordinates where N = 1, ..., 4. Though, due to peculiarities of the type I string theory not all of these situations are realized there [24] . But in the type IIB string theory analogous equations would describe the proper dimensionality BPS D(9 − 2N)-branes as the remnants of the D9-brane annihilation. Our formulae could be easily generalized to that case.
As follows from (6) in the simplest situation, when the background A M is zero, the tachyon field should be a constant up to a gauge transformation. Unfortunately we can not derive from our formulae what kind of constant should it be. However, as a warm up exercise let us try to guess it. Consider:
where D is a diagonal matrix with all eigen-values of the order of the string scale. This tachyon value respects both SO(32) and the diagonal USp(4k) subgroups of the SO(32) × USp(4k) × USp(4k) group. (See [26, 27] for discussion on this subject.) Invariant expression for the tachyon VEV should be:
Our guess is that the latter expression is related to the minimum of the tachyon potential:
This consideration passes through the simplest check. In fact, consider the lowest energy excitations of the strings stretched between the D1-brane and the D9 −D9-system in the NS sector [1] . Their bare masses are equal to 1 2 in string units [1] . Also their interactions with the tachyon field are proportional to T pp · T q p for the strings stretched between the D1-and D9-branes and Tp p · Tq p for those stretched between the D1-andD9-branes. Hence, when the tachyon acquires the VEV as in (8) we have the proper amount of the NS modes with the mass 1 2 to describe the D1-brane in the pure type I string theory. We are going to use this fact later.
With the tachyon as in the eq. (7), the χp and λp from (1) become massive, while λ n , n = 1, ..., 32 are left massless: here λ p = (λp, λ n ). Because of IR effects in two dimensions, if such fields acquire masses there is no way for them to become massless. Hence, in the RG evolution of the theory we can safely just integrate massive fields out, while leaving massless ones untouched. This leads to the ordinary type I D1-brane theory at the end of the RG flow. This theory is superconformal [23] . Thus, (7) is a proper VEV for the tachyon in this case, although we just guest it. In another situations below we pretend to derive it. Now in the slightly more complicated situation A M and B M would be functions of only two coordinates x's. In this case, the vectorP ·κ·ψ sweeps the whole two-dimensional space in question. In fact, in two dimensionsP ·κ leads to two real deformations. Then if it were not the features of the SO(32) group [24] the eq. (5) and (6) would define the topologically stable BPS vortex, similar to that of the Abelian Higgs model. Schematically, in the type IIB theory the equation (5) leads to that the gauge fieldÃ = A − B is a two-dimensional holomorphic connection on C/{0}. In fact, when there is only one D9-and oneD9-brane, we have:
and this should be supplemented by the condition ∂ T V (T )| min = 0, i.e. by the eq. (8): |T | 2 = 1, because the tachyon is a complex field in the type II string theory [3] . Hence:
This describes one D7-brane as a remnant of the annihilation. Note that exactly this A leads to the source of the RR field on the D9-brane corresponding to the D7-brane. In any case (even if we would study the type IIB string theory) such solitons in the presence of the probe D1-and/or background D9-branes would break all of the SUSY transformations: they would be realized non-linearly.
D5-branes as remnants of the annihilation
Below we study the most interesting situation when there is a soliton solution of the eq. (6) with A M and B M being functions of four coordinates. Say the latter will be x 6 , ..., x 9 . In this case we expect the linear realization of the SUSY in the IR. Now, the ten-dimensional Lorentz invariance is broken: SO(9, 1) → SO(1, 1)×SO(4)× SO(4). Here SO(1, 1) corresponds to rotations along the D1-brane (directions 0, 1) ; one of the SO(4)'s is related to rotations along the soliton and transverse to the D1-brane (directions 2, ..., 5), while another SO(4) corresponds to the rotations in the transversal to the soliton directions (6, ..., 9).
From now on we fix the light-cone gauge and denote by ± the left and right chirality under the SO (1, 1) group. At the same time by α andα we denote the indexes of the fundamental representation of the SU(2) L and SU(2) R subgroups of the "transversal" SO(4). Besides that we embed two among the CP indexes p andp into the tangent bundle of the target space. Thus, p = (α, i, n) andp = (α, i), where n = 1, ..., 32 and i = 1, ..., 2k: hence, both USp(4k)'s are broken to SU(2) × USp(2k). In another words, the fermions on the D1-brane become χp = χα (5) and (6) look as follows:
where
are constant (independent of x µ ) vectors with zero norm in the complexified four-dimensional Euclidean space. They correspond toP · κ · ψ with two different κ's.
We consider complexification of the Euclidean space (use the complex x αα coordinates rather than the real x µ ) and complexify the gauge group, to show that there are non-trivial solutions to the eq. (11). What is most important, the vector d αα sweeps a complex twoplane (β-plane in the notations [21] ) in the complex four-dimensional space. In fact, in the case under studyP · κ describes two complex deformations.
Before going further we would like to remind to the reader that we are looking for a minimal construction of the D5-branes out of the D9-D9-system. As we mentioned already, to construct k type I D5-branes as a result of the D9-brane annihilation we need 4k +32 D9-branes and 4kD9-branes. Besides that we take A nm µ to be a pure gauge. Then, the second equation in (11) is equivalent [21] to the self-duality one for the YM connectioñ Apq µ = Apq µ −Bpq µ . The latter is from the diagonal subgroup of USp(4k)×USp(4k). In fact, according to the second equation in (11) the gauge field is a pure gauge on the β-plane. This is equivalent to the self-duality condition for the gauge field [16, 21] .
To find low energy IR limit of the theory (1) we need to know the large distance behaviour of the instanton solution of the integrability conditions (11) . With the charge 2k they look as follows:
Herex αα = x µ τ µ αα and x (i) are positions of the 2k instantons. This is not the most general behaviour at infinity but we use it to clear up our idea.
The gauge field (12) defines the mapŜ of the order of 2k from S 3 ∼ = USp(2) ∼ = SU(2) at space infinity to the diagonal subgroup of USp(4k) × USp(4k). In fact:
where η e µν are t'Hooft symbols and σ e are generators of the SU (2) group. This is just a singular instanton of the USp(4k) group with the charge 2k.
Plaguing thisÃ µ into (11), we find the tachyon behaviour at large distances:
This is the tachyon value which leads to the appearance of k singular D5-branes within the type I string theory after the annihilation [3, 4] . Now let us consider more general situation, i.e. deform the gauge field (12) to:
HereŜ defines the most general (up to gauge transformations) map of the order 2k from the S 3 at spatial infinity to the diagonal subgroup of USp(4k) × USp(4k). In this formulâ X ij αα is an arbitrary symplectic matrix from the diagonal subgroup of USp(2k) × USp(2k) obeying reality conditionsX αα = ǫ αβ ǫαβX * ββ . With this value of the gauge field in (11), we find the following tachyon behaviour at infinity:
It is the solution of (11) up to the gauge transformation by the matrix ∆ ij from the diagonal subgroup of USp(2k) × USp(2k). Here ǫ ij is USp(2k) invariant tensor served to raise and lower i indexes.
So far h iṅ α in the eq. (16) is arbitrary: not fixed by the eq. (11). However, taking into account condition (8), or T j pα · T iβp ∼ δ ij · δβα in our case, the matrices X and h should obey the ADHM condition [16] :
with such a choice of the gauge as in eq. (16) . Note now that when h = 0 we recover the situation of the singular D5-brane (14) . Let us now make a check whether we have found a proper tachyon value minimizing its energy functional. Substituting the value (16) for the tachyon field into (1) we get the following theory:
Here we showed spinor indexes to present a close similarity of our theory to that of [7] . To understand where our theory evolves to under the RG flow one has to find massless fields among λ and χ. For this purpose it is necessary to look for a complete set of solutions to the equations [8, 7] :
for a general X ij and h iṅ α obeying (17). Once we have found all 32 solutions to these equations, it is possible of decompose λ + in their basis:
Substituting this expression into (18) and integrating out massive modes, we get the following Lagrangian:
Note also that theÃ gauge field (15) , being the pure gauge at low energies (due to the non-zero tachyon VEV (8)), does not enter the IR Lagrangian (21) . The theory (21) is superconformal [7, 8] .
Taking into account (16) , (17) and (19) we see thatÂ nm αα is the self-dual vector-potential corresponding to the ADHM "matrices" X and h. Or, if you will, it corresponds to the k type I D5-branes in some non-singular (but otherwise generic) point of their moduli space [7] . So, choosing the value of the T as in (16) and (17), we arrive via RG at the superconformal theory (21) . It describes the type I D1-brane in the background of the k D5-branes. Now let us discuss differences between our theory and that considered in [7] . One immediately sees that the massive spectra of the two theories are different. First, because of the factor ∆ ij , masses of the massive fermions in (18) are different from those in [7] . Second, the scalars present in [7] , which correspond (along with χ − and λ + ) to the strings stretched between D1-and D5-branes, are absent in eq. (18) . These scalars are massive at a generic point of the instanton moduli space [7] .
It is worth mentioning at this point that one should not expect the theory (18) to properly reproduce all massive modes. In fact, this theory is the low-energy one, because it depends on classical values of macroscopic fields such as T and A.
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